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We analyze the physics of the “world’s simplest electric train.”

The “train” consists of a AA

battery with a strong magnet on each end that moves through a helical coil of copper wire. The
motion of the train results from the interaction between the magnetic field created by the current in
the wire and the magnetic field of the magnets. We calculate the force of this interaction and the
terminal velocity of the train due to eddy currents and friction. Our calculations provide a good
illustration of Faraday’s and Lenz’s laws, as well as of the concepts of the Lorentz force and eddy

currents. © 2016 American Association of Physics Teachers.
[http://dx.doi.org/10.1119/1.4933295]

I. INTRODUCTION

A recent video on youtube shows how to build the
“world’s simplest electric train,”' consisting of a cylindri-
cally shaped battery straddled by two magnets, that moves
through a coil of wire. According to youtube, this video has
been viewed nearly ten million times, giving some indication
as to how captivating this simple device is. In this article, we
analyze the dynamics of this system, including calculations
that illustrate Faraday’s and Lenz’s laws, as well as incorpo-
rating the Lorentz force and eddy currents. Over the years, a
large number of publications have appeared that describe
simple electric motors, beginning with the classical Faraday
and Ampére homopolar motors,”* and that provide applica-
tions of eddy currents,”'? including electromagnetic brak-
ing, levitation, induction furnaces, and the curious behavior
of a magnet falling inside a conductive non-magnetic metal
tube.'*! The electric train we study in this paper is related
to both the classical homopolar motors and the eddy-currents
experiments.

The materials required to assemble the train are a battery,
two strong magnets, and a long piece of copper wire formed
into a coil. Figure 1 shows the train we constructed using
spherical magnets and a 41-m long piece of unglazed copper
wire with a total resistance of 3 Q. The wire is wound into a
left-handed helix with 597 turns of radius R = 1.1 cm, result-
ing in a finished coil length of 170 cm. The average separa-
tion between turns is s = 2.85 mm, and the resistance for one
turn is approximately 0.005 Q. The power source is a AA
alkaline battery with a nominal voltage of 1.5V, onto the
ends of which we attach two spherical NdFeB magnets of ra-
dius @ =0.95 cm and residual magnetism B, = 1.24 T.** The
main reason for using spherical magnets is because of the
dipole field existing outside such a geometry. Moreover, the
spherical shape allows for a smoother motion through the
coiled wire. To improve the stability of the arrangement, we
have inserted washers between the battery and the spherical
magnets.

The magnets are nickel-coated, allowing for a closed cir-
cuit to be formed between the battery and the portion of the
coil between the magnets. Once the magnets touch the coil,
the assembly is immersed in the magnetic field of a finite so-
lenoidal current. The magnetic field B produced by the sole-
noid interacts with the magnetic dipole moment m of the
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spherical magnets, giving rise to a force that moves the train.
The arrangement of the battery and the magnets, and the
direction of the field created by the current in the solenoid, is
shown in Fig. 2. Note that the two magnetic dipoles point in
opposite directions. We will show that if m and B point in
the same direction, the force on the magnet is in the direction
of increasing B, whereas if they point in opposite directions,
the force is in the direction of decreasing B. As we will see,
this directionality is important for explaining the motion of
the train. (We note that only one magnet is necessary for the
motion to take place, as long as the other end includes some-
thing to close the circuit.) Once the train begins moving, it
will quickly acquire a terminal speed due to eddy currents
appearing in the coil. The force due to these currents is in the
opposite direction of the train’s motion and is proportional to
its speed.

The force on the magnets due to the helical current will be
calculated by two equivalent methods. In Sec. IT A, we calcu-
late the force as the gradient of the potential energy of a per-
manent magnetic dipole in a magnetic field B. In Sec. II B,
the same result is obtained by calculating the Lorentz force
on the solenoid due to the magnetic field of the magnets, and
then invoking Newton’s third law to get the force on the
train. In Sec. I1I, the force on the train due to eddy currents is
calculated, which then allows us to determine the terminal
velocity of the train.

The analysis presented here is within the capabilities of
students in a first course on electromagnetism. We have
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Fig. 1. Photograph of the “train” arrangement and of the coiled copper wire
(the “track”™).
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Fig. 2. Schematic diagram of the train. The direction of the electric current on a portion of the coil due to the battery, the magnetic dipoles, as well as the mag-
netic field B produced by the current are shown. The north and south poles of each magnetic dipole are denoted by N and S, respectively.

included a sample problem in the Appendix related to the
calculations shown in this paper.

II. THE FORCE ON THE TRAIN DUE TO A
HELICAL CURRENT

The force on the train due to the current in the helix will
be calculated using two different methods. The first involves
taking the gradient of the potential energy function.

A. Gradient of dipole potential energy

For a spherical magnet of radius @ and (uniform) magnet-
ization M, the magnetic field inside is given by B=(2/3)
oM, with a magnitude equal to the residual magnetism>*
B,=1.24 T. Meanwhile, the field outside is that of a pure
dipole23 of magnetic moment m = (4/3)na’M, with a magni-
tude, in this case, of m=5.31 A m>.

The potential energy of a permanent magnetic dipole m in
a magnetic field B is given by*’

U=-m-B. (D

In our case, we have two spherical magnetic dipoles, d; and
d,, with their centers located at O and O,, respectively (see
Fig. 2). We consider a right-handed reference frame with the
origin at Oy, the x-axis in the direction O;0,, and the y-axis
opposite the direction of gravity. The distance between O,
and O, is L="7cm, and in this interval, there is an average
of N =24.58 turns of wire.

In the specified coordinate system, the dipole moment of
the magnet at O, is m; = (m, 0, 0) and the dipole moment at
0, is my=(—m, 0, 0). The force on a magnetic dipole is
F=—-VU, where U is the potential energy given in Eq. (1).
If B= (B, B,, B3) is the magnetic field created by the current
I along the helix, then for dipole d; we have U= —mB;(x)
while for dipole d, we have U = mB(x).

Now, the magnetic field B at a point x=(x, 0, 0) on the
axis of our helix A is given by the Biot—Savart law?* as
B:H—OIJ dx’><(x—3x’), )

4r h |X —x |
where yp=4n x 107’ N A" is the magnetic permeability of
free space, and the integration is over the helix specified by

x' = (X', =R cos(kx'), —R sin(kx")), 3)
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with 0 < ¥ < L and k=2n/s =2nN/L, s = L/N being the av-
erage separation between turns (see Fig. 2). A straightforward
calculation of the first component of the above integral gives

ol dx'
B = | o
47 0 2
[(x —x') +R2}
UoIN X _ x—L @)
2L \/_X2+R2 \/(X*L)2+R2

Observe that this expression for B;(x) is completely general,
valid for any finite separation between turns—we do not
assume the usual approximation that the turns are closely
spaced (ideal solenoid).?*

By taking the derivative of Eq. (4), we obtain

dBl ()C) N dBl (X)
dx x=0 a dx x=L
_mIN[1 R )
2L |R (LZ +R2)3/2 ’

The force on dipole d; is then given by

du dB
F(o) = -0 B ©)
dx |, dx |,
whereas for dipole d, it is
du dB
Fy =Y @) (7)
dx |, dx |,

Using Eq. (5), we see that F(0) = F(L), so the total force F is
given by

F =ClI, ®)
where
_ pomN |1 R?
€= L |R (12 p2)/2| ©)
(L2 4+ R?)

B. The Lorentz force

We can also calculate the force on the train due to the cur-
rent in the helix using the Lorentz force. The total magnetic
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force F on the helix % due to the field B created by the two
magnets is given by the Lorentz force as>

F— IJ dx' x B. (10)
h

In our case, due to the symmetry of the configuration and the

direction of the current (see Fig. 3), the total force is in the

negative x-direction. In cylindrical coordinates (p, 0, x), we

have dxX' =dpp+pd00+dxx and B=B,p+Byl

+ B, X, where p, 0, and X are unit vectors associated with

these coordinates.

To get the force in the x-direction, we need to take the x-
component of the cross-product dx’ x B, so

2nN (F

F:IJ (Bgdprppa’B):flRTJ B, dx, (1)

h 0

where we have used the fact that p =R and x = (L/2zN)0 on
the helix, which gives dp =0 and df = (2nN/L)dx.

To calculate B,(x), we first calculate the radial component
B,i(x) due to dipole d, at a point of horizontal coordinate x
of the helix. The magnetic field of a dipole of moment m at a
point b is given by>’

Ho

= 3m )b —m, (12)

where b = |b| and b = b/b. Thus, the radial component B,,,
due to dipole d; is given by B,; = B - p. For d; we then get

3pomRx
Bp(x) =———=5. (13)
! 4n(R? +22)°

while for d; a similar calculation gives

3pomR(x — L)
By(x) = — . 14
() An[R? + (x — L)) o

Substituting B, =B, + B, into Eq. (11), we then find

with C given by Eq. (9).

Thus, by Newton’s third law, the force on the magnet is
along the positive x-axis and is the same as calculated in Eq.
(8), as expected.

II1. FORCE DUE TO EDDY CURRENTS

Due to the motion of the magnets through the coiled wire,
eddy currents will appear in the coil. These currents produce
a magnetic force on the train that opposes its motion. This
force increases with velocity, and therefore, the velocity is a
self-limiting physical quantity. From this fact, we deduce
that the train will reach a terminal velocity v.

Eddy currents are formed only when the conductor allows
closed loops of current to flow. In our case, eddy currents will
appear only in the section of the coil between the magnets
because the battery acts as a low resistance conductor.
Therefore, the eddy current I will be calculated as the ratio
of the net electromotive force (emf) £ over this section of the
coil to the total resistance Ry of the closed circuit. We can cal-
culate the emf £ by summing the corresponding emf contribu-
tions &£, and &, due to the dipoles d; and d», respectively.

We begin by applying Lenz’s law to dipole d;: &
= —d¢, /dt, where ¢, is the magnetic flux of the field cre-
ated by dipole d;. The surface whose boundary is the closed
loop is a helicoid H (see Fig. 4), which has the parametric
equation r(x, p) = (x, —p cos(kx), —p sin(kx)), for 0 <x <L,
0<p <R, and k=2mn/s =2nN/L. The magnetic flux through
the helicoid of the field B produced by dipole d; is given by
¢, = |,;B - dA, with

dA = @ X @ dxdp = (kp,—sinkx, coskx) dxdp.
Ox Jp

(16)

Assuming the train is at the location shown in Fig. 2 at
time =0 and moving with a constant speed v in the x-direc-
tion, the field B of dipole d; at a point (x, y, z) of the helicoid
will depend on time, and, using Eq. (12), is given by

L Ho 3mx (1)
oI NmR? 1 1 B(r(1)) = r(f) —m|,
F=-— - + A2 (t) 4 p2 % 12(0) + p?
2L R2+x2)* R+ (x— L) 0 b(0) + 7 an
UoINm | 1 R?
== — =—CI, (15)  where r(r) = (x(¢), y, z) is the position vector of a point of the
L R (12 R2)3/2 .. . .. .
+ helicoid with respect to the position of d; at time 7. Note that
yA
a & & & & [ O
U );J A\ O O U
o > IR :02 B
S m, N|L L N m, S X
Fi F, o/
Z Bpl Bpl

Fig. 3. Schematic of the train with some lines of the magnetic fields created by the magnetic dipoles. The radial components B,,; and By, of these fields on two
turns, as well as the Lorentz forces 'y and F, on a differential element of these turns due to B,,; and B, are also represented.
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Fig. 4. Tllustration of the closed loop (thick black line) formed by the coiled helix /2, the magnets, and the battery. H is the helicoid through which we calculate
the magnetic flux. The curves p = constant and x = constant, their tangent vectors, and the vector dA are also represented.

r(0)=(x, y, z) represents an arbitrary, time-independent
point on the helix at time =0, and given that the train
moves with speed v in the positive x-direction, we have
x(t) =x — vt so that dx(f)/dt = —v. (This is simply a statement
that points on the helix move with speed v in the negative x-
direction with respect to the train.)

The emf &, thus generated by dipole d; will be

do,(t dB(r(t
- -t __[ B0y s
dt y dt
Using the chain rule, we have
dB(r (1)) (d31 )
—==-v|{—/,0,0 1
= 0.0), (19)
which leads to
L (R
dB
& :vJ J —lkpdpdx
oJo dx
L (R 2 2 _ 2
_ uomNHg P22 =)
2L )g Jo dx (x2—|—p2)5/2
N (- d R?
— pH™ J — | —————5 | dx
2L Jodx | (2 4 R2)*?
1
= —JiC, 20)

where C is given by Eq. (9).

A similar argument for dipole d, leads to an identical
expression for the emf &, as expected by symmetry.
Therefore, the eddy current is given by

E 28 C
=—=—=——0. 21

ES R T Ry R v 2D

As can be seen in the above equation, the eddy current
opposes the current produced by the battery. By Eq. (8), the
total electromagnetic force on the train is given by
F=C( +Ig). The terminal velocity is found when the total

force is zero, that is, when
C
C{l———v | —Mgug =0, (22)
Rr

where Mg is the weight of the train and p is the coefficient
of kinetic friction. Therefore, we obtain a linear relationship
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between the terminal velocity v, the open-circuit voltage of
the battery V, and the effective total resistance (which
includes the internal resistance of the battery) of the closed
circuit Ry

1 Mgp
v= (E)V — ( C2K>RT. (23)
The above equation can be used to calculate the velocity v
from the valuesR=1.1cm, L=7cm, N=24.58, M=77.5g,
V=151V, m=531A m? ux=0.45, and the value of Ry
To estimate the coefficient of kinetic friction ug, we used a
discharged battery in the train and measured its acceleration
through the helix when pulled by a hanging weight.
Unfortunately, it is difficult to estimate the value of Ry due
to the instability and jumps of the contacts between the mag-
nets and the coil. We have estimated its value by summing
the battery’s internal resistance of r;, = 0.31 Q (see Ref. 25),
the resistance of 24.58 turns of the copper coil (0.123 Q),
and the estimated contact resistance of the magnets. To esti-
mate this last resistance, we have measured the voltage at the
battery terminals while current is flowing through the coil
and the train is held still, obtaining 0.94 V. Using Ohm’s
law, we get Ry — ri, =0.511 Q, so the approximate value
for the contact resistance is 0.388€. Thus we obtain
Rr=0.821 Q and, using Eq. (23), calculate a terminal veloc-
ity of v =86 cm/s. This calculated terminal velocity is a little
higher than our measured value of v=69.5 cm/s. We believe
the difference is due to the contact resistance being slightly
higher when the train is moving due to the changing points
of contact. Agreement with the measured terminal velocity
would require a contact resistance of 0.413Q (giving
R;y=0.881 Q).*°
Given the difficulty in establishing some of the parameters
in our model, we consider the agreement between the meas-
ured and observed terminal velocity to be quite good.

IV. SUMMARY

The motion of the “world’s simplest electric train” has
been studied. The force on the train is due to the interaction
between the magnetic field created by the current in the
coiled wire and the magnetic field of the magnets. We have
calculated this force in two different ways. Eddy currents
due to the motion of the magnets have also been calculated,
and we have shown how such currents result in the train
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having a terminal velocity. The value calculated for this ter-
minal velocity agrees well with the observed value.

The materials used in this experiment are readily avail-
able, and the theory is accessible to students of electromag-
netism at the undergraduate level, providing a useful
example of the electromotive force on a magnetic dipole
subject to a divergent magnetic field.
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APPENDIX: SUGGESTED PROBLEM

We provide here a sample problem (and solution) related
to the calculations in this paper that is appropriate for
students.

Problem: Calculate the force on the train due to eddy cur-
rents by using the fact that the power dissipated by this force
is equal to the power dissipated by the eddy currents.

Solution: The power dissipated by the force Fr due to
eddy currents is P =vF, and is equal to the power dissipated
by the ohmic losses of the eddy currents; that is,

P = vFg = —IZRr, (A1)

where Ry is the total resistance of the closed circuit, and
Ip=—Cv/Ry is the eddy current calculated in Sec. III. We
thus obtain

Fp=—2T— =7 (A2)

which coincides with Fp = CI as obtained from Eq. (8).
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